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This study investiaated the effect of initial 
instruction on the^ processes children use to solve basic additioa 
subtraction verbal problems. Prior to instruction and following,! 
2-Boath introductory unit' on' addition and suhtractton; ,^3 first-gifade 
childrea^ere indiviaually tested on verbal problea*s representing 
dlf feren^Podels of addi^ioh and subtraction. Prior to instructlsa, 
chiiarea's solubioQ processes nodeled the action os relatj^onships 
described in the probles. Pollcwinq ins*truction , " they generally used 
a separating strategy' for all .subtraction problems." Although they 
could so:V^e the problems, few children could cpordinate thfeir 
solutLoas with' the arithmetic sentence ,t Key vfroter" representing the 
problea. (Author/HK) ^ , / '/ 
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Abstract 



This Study investigated the effect of initial instruction on the 
processes children use to solve basic addition and spbtraction 
verbal problems. Prior to ^instruction an^i following a 2 month 
introductory unit on addition ahd subtraction, 43 f irst-rgrade^ ^ \ 
children wer^ individually tested on verbal problems', representing 
different models of addition and ajibtraction. Prior to instruc- 
tion children's solution T^roces^s modeled the action pr reli-- 
Uionships described in the ptoblem. Rollowing instruction" they 



generally used a separating strategy for all subtraction problems . 
Although they could soave the problems, fefw children could coar-* 

■ 7 ■ o 

dinate -their solutions with the arithmetic sentence th^ wrote 
representing the/problem. 
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The .^;fl^ct ,of \Initial Instru 



on First-Grade 



Children ',s Solution Processes for Basic Addition and 



'Subtraction Problems. 

Thomas P. .Carpenter 
University of Wi^cojisiti-^Madison^ 



The purpose of this study was' to investigate the effeKt^ of 
initial instruction in additiofi and subtraction- concepts and . . 
skills on- the processes that children use to solve basic addition 
and subtractioil; verbal problems. In 'an earlier study (Carpenter, ^ 
Hiebert, & Moser'^ in- press) , it was found that prior to formal in- 
struction children are extremely successful in solving simple' 
verbal probleins. Although they did no^ have knowledge of basic 
■.facts or computational- valgorithms ^vail\ble to solve the problems 
arithmetically, children, could represent the problems using cubes, 
fingers, or some internal Representation and solve the problem 
using various counting strategies^^ » - ' 

It is generally acknowledged th£^t with older children solving 
srerbal problems is an nrca" of 4ifficulty in mathen^tics instruc- 
tion (c.f. Zweng, 1979). A basic question is why are the rela- 
tively sophisticate problem solving strategies of young-e^. < 
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children that are based on the semajitic structure of problems re- 

■ ' . ^ ■ .*V?' 

"dis- 
placed by the superficial analysi.s of verbal problems found in 

many older children as they attempt Jto decide whether to add, 
subtract, multiply, or divide. Part of the answer to this ques- 
tlon may lie in understanding the transition from informal knowl^ 
edge of addiction and SAibtracftion to the formal symbolic systems 
of arithmetic. By comparing the processes that children use 
prior to instruction in addition. and subtraction to the processes 
that^they use after several months of f orma#* j.nst ruction, this 
study attempts to g^i*n a clearer picture of the early develop- 
ment of addition and subtraction concepts and skills as well as 

- . / 

to provide some insights into children's problem solving abilities. 



Background 



Problem Structure ' • 



A major focus of this study is tq inve'stigate how chij^dren 

^ solve different types of addition and subtraction problems. In 

• * 

/ <)rder*ro examine ^the effect of problem structure^, it is necessary 
to characterize, the^ major differences between different addition 
and subtraction problems. There are several approaches that 
previous research 'has taken to characterize^ verbal problems. One 
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is to characterize problems in terms of syntax, vocabulary level, 
number o£ words in a problem, and 30 on (Jerman, 1$73; Suppes,. 
Loftus, & Jerman, 1969). A second, approach differentiates 
between probletns in terms of the open sentences they-Tepresent 
(Grouws, 1972; Rosenthal S. Resnick, 1974 ; .Lindvall & Ibarra, 
Note 1)., This study is based upon a third alternative that con- 
siders the semantic structure of. the problem (Moser, Note 2). 
this analysis is generally consistent With .ft|her analyses based 
on problem structure (Gibb, 1957; Vergnaud Durand, 1976; 
Grenno, Note 3); jr 

This analysis distinguishes between fdur semantically . ^ 
different classes of problems:" Joining/(Separating, Part-Part- 
Whole, Comparison, and Equalizing. For problems in the Joining/ 
Separating cjlass there is 'ai| initial quantity and some direct 
or- implied aiption that causes a change in the quantity. For 

\ 

problems in ^he Part-Part-Whole class th'^e is no ^ctdon direct 
or implied. Wis class represents situations in which there are 

two quantitie^ which may be ^onsidereid ^individually or as parts 

■\ ' > ■ < 

of a whole. As the name implies, problems in the Comparison 

class involve the comparison of two quantities. .This Includes 

problems in which the -dif ference\etween two given quantities 'is 



to be found and prpljUems in which one of two quantities and the. ^ 
, magnitude- of the difference betwe^^ them is given and the Second 
quantity ie the' unknown. Equalizing problem^ share characteris- 

tics of. both Joining/Separating and Coiaparison problems. There 

' ■ ■ ■ 

is implied action on one of two given^ sets, but a comparison is 
also involved. ' - 

. , * There are two dime^nsipns on which the four' classes of 

problems differ. One major distinction is based pn whether the 

problems describe action or static relationships. In Joining/ 

Separating and Equalizing problems; there is direct or impXied 

^action in which one set is joined to' or , separated from another 

set. On the o^er hand, both Part-Part-Whole and Comparison 

problems involve relationships between quantities, and there is 

no action implied or direct. The second major distinction is 

based on set inclusion relationships . In both t*he Joining/ 

Separating -and Fart-Par t-I^ole classes two* of the entities in- 

volved in the problem are necessarily a subset of the third. In 

other words, either the unknown. quantity is made up of the two 

♦ • 

given quantifiers or one of the giyen quantities is made up 



the othqr giv^n quantity 'and the unknown. For comparison and 
Equalizing problems this is not the case. * ^ 



By varying the unknpWn quantity or the nature of the. action - 
in the problems (joining o^ separating), Jjoth addition and sub- 
traction operations can be^represented by problems in each of the 

\ 

four classes. \ , 

St'rategles> : * • " . ' ^ 

The initial problem golviWg study (Carpenter, Hiebert, & 
Moser, in press) identified a number, of strategies that children ^ 
use to.solve addition and subtraction problems prior to.instruc- 
tiqn. iHost of these strategies are based on counting^ '^nd are 
similar to those four^ in the respp.nse latency studies of. symbolic 
addition and subtraction. (Groen & Parkman, 1972; Groen & Resnick, . 
1977; Suppes & Groen, 1967; Woods, Resnick, & Groen, 1975), 
although several additional strategies were identi£ied|as well. ^ 
-The basic addit^Lon strategies can be summar ized • as follows; 

Counting All ; The counting all strategy can- be carried oat 
using cubes or fingers as models, or by counting mentally. If 
cubds are used, both sets are represented, and tften the union of 
the two sets is recounted beginning with one. If^ counting is 
done 'mentally or with fingers,, the counting sequence begins with 
one and eQfis with- the number representing the total of the two 
given quantifies. 



Counting On P^om FirWt Number : In this strategy/ the cQunting 
sequence begins either with the first given number in the problem 
or the successor of that number. Counting may be done mentally, 

or by using cubes or fingers to keep track of the number of steps ^» 

*. ' ■ * ■ , . - . 

counted* " * , 

\ Counting On FroTn Larger Number : This is similar to the pre- /. 

vious strategy except that' the counting sequence begins with the • 

■ '^ larger given^numbei? or with ""thB successor of that number. 

>. . ' ■ ' 

' 'Known Fact : The child gives an answer with the justification 

that is was the result of knowing some basic addition fact* 

Heuristic : Heuristic atrategies are employed to- generate * 

solutions from a small set of knowii basic, faots. These strategies 

usually are based on doubles^ or numbers whose sum is 10^ ^ For 

example, to solve a problem representing 6 + 8 ^ ? a subject 

responds that 6 ^ - l2 and 6 + 8 is just 2 more thap 12. In ' ■ » 

another example involving 4 + 7 - ? -a subject responds that 4 4-6- 

10 and 4 + 7 is just 1 moYe than 10. . 

Uncodable : A correct answer is provided hut the interviewer 

is unable to determine what strategy a child Is employing. 

■The Counting All strategy directly models the actions or - . 

■ . 

relationships described in the addition problem. The Counting On 
• "st^'ategies provide a more abstract representation of these rela- , / 
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tionships. There are parallel levels of alystraction for the sub- 

traction- str^t^gies, but the subtraction strategies are a great 

deal more varied. Different subtraction strategies represent 

. «* « • » ■ " . ■ ■ 

completely different interpretations Qf subtraction. The speci- 

•> ' ■ ' 

fic* subtraction strategies can be summarized as follows: 

* > ' * 

Separating From : Jhe child uses concrete objects or fingers 
to construct the larger given^set and then takes away or siparates 
one at a time, a number /of cubes or fingers equal to the smaller 
given number n i^ the "problem. Counting the set of remaining 
cubes yields the answer. 

Counting Down From : In a roore abstract rejiresentation of the 
Separating From strategy, a child initiates a backwards- counting 
sequence beginning with the given larger number m. The backwards- 
counting sequence contains as many counting number woj?ds as the 
given smaller number. The last nilmber uttered in the counting 
sequence is the answer • 
, gepa ratiiiR To : The Separating To strategy is similar to the 
Separating From strategy except that; the separating continues 
until the smaller quantity is attained rather., than until. it has 
been removed. In the concrete case, after the larger set is 
counted out, the child removes cubes one at a time until the 
remainder. is equal to the second given number of thr. problem. 
CouTi^ing the number of cubes removed gives &he>apswcr. 

■In 



, Counting Down To : A child initiates a backwards counting 

sequence beginning with the, larger given numbe?. The sequence 

ends with the smaller number. By keeping track of the nujnber of 

counting jwords uttered in this sequence, either inenfially or by 

using fingers or cubes, the child determines the answer to be the , 

nuihber of counting wordg uttered ip the sequence* 

Adding On : With contreite objects the child sets out a 

# • 

number of cubes equal to the smaller given number. The child 
then adds cubes to that set* one at a %ime until the new collec- 
tion is equal to the larger given .number , Counting the number of 
cubes added oi\ gives the answer. ^ 

Counting Up From Given : A child initiates a forward counting 
sequence beginning with *the smaller given number. The sequence 
ends .with the larger gtven number. Again, by using any of the 
available devices, the child keeps track of the number of- counting 
words uttered in the sequence, and thereby determines the answer. 

Matching: Matching is only feasible when concrete obiects 

. ' * ^ 

are available. The child puts out two sets of cubes, each set 

) " 

standing for one o-f the given numbc^rs. The sets aro then matched 
one-to~one. Counting the unmatched cubes gives the answer • 

Strategies may be related to problems in several ways. A 
child might use the same strategy for al 1^ subtraction problems. 
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A^secoad alternative is that a child might use different, sfrateg-^ 
d^ending on the relative size of the numbers fit the problem , 
(Woods et al.,. 1975). A third possibility is that the .strategy 

would depend pn th^ structure of the pfoblem. 

' ' ,\ ' \ . : - ' ' , 

jCertain of the strategies naturally model the^ actipn des^5?ibed 
in specific problems. The Separating problem is most, clearly 

modeled by the Separating strategy. On the other hand* .the . . 

/ . 

implied joining action of th^ Joining (missing addend) proble^^s 
is mo^t ciosely model'ed by the Adding On strategy. Compa^j^o^ ' , ' 
problems deal with relationships' between seta rathfer than action. . 
In this 'case thfe Matching strategy appears to provide the best 
model . ^ ' 

For the Part-Part-Whole and Equalising problems the situation 

• " ■ ' ' ■ . 

is 'mpre ambiguous. Since E&rt-Par;;^Whole problems ' Ibave no'implied 

action, neither the Separating nor Adding On strategies, which in- 

^ ■ ' >^ 

volve action, .exactly model the given ^relationship betweeft quan- 

tities'. But since one of the given quantities is a subset of 

the bther, there are not two distinct sets that can be* matched. " ' ^ 

For the, EqualiEing problems the situation is revers-ed. S^nce 
the Equalizing problems ' in^^olvfe both a comparison and some implied 
action, two 'different strategies might be seen as appropriate. The 
addition Equ'alizing problems involve a comparison of two quantities 
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"".and a decision of how. much slio\ild be joined to the smaller ' 
quantity to m^cke theip^eR^ivalent . Thus,/ both Che Matching, br 
the. Adding Oi?^strat'e^es might be ap5ropr*i,ate. • for the suB- 
■tracCing.,Equaiiirng problems the ims lied action involves* removing 
• elements? >ft.oih the larger set until Yhe two. sets "are equ^walent. - 
This' action- seems jtq be best^ modeled 'by the Separating To strat- 
egy while th^MatcHing strategy is again^ Appropriate, for the - 
cpmpariso]^ aspect^of thfe problem, ^ 

* . ■ ■ . • ^ ■ 

' In the initial study of children's solution processes 
(Carpenter et al., in press) it was found that prior, to instruct 
tion in additioHT^nd subtraction children's strategies werfe based, 
primarily oii the structure of the problem. A major question to 
'be investigate^ in this study is whether this genetal approach 
continues to operate after instruction or whether children begin 
to' view subtraction as a singj^e operation that has a single^ 
method of solution. • ' 

■ #■ 

Purpose * ' 

' ^ ^ 

The*' basic objective of this study was to j^ijvestigate tha \ 
etfec'ts of initial instruction in addition and subtractl-on con- 
cepts and skills on the processes that children use? to solve 
simple addition and subtraction^ problems. The^ effect, of instruc- 



• -J 



tXpn was .measured in terms of (a) the changes thafSsccureci in 

• ' • ■ J • - * ' ' • 

the tptoceSse^r^h^t 'children, us^ "to solve Addition .and subtree- 

tibn prob;|feixis as a result of ^instruction, (b) children's 

ability to write arithmetic sentences to represent different 

addi^tiop/arid >^ problems, and (c) the specific effect 

of sentence writing on ,the processes that children use to solve 
* ' -I 

addition and subtraction story prorblems. 



^Method , 



Procedures 



-thr^e first^J 



Forty^thr^ first-grade children were ftidividually inter- 
viewed in February /before thfey had received any school instruc^- 
tion pn addition ^nd subtraction. The tasks for. the ^ interview 
consisted of 10 addition and subtraction problems • In Kliy, 
following 2 months^of instruction in addition and subtraction, 
the ^same subjects were readmlnlstered a subset of 6 of 'the 
same' verbal problems. Several days later .they were administered 
a set pf parallel prgjflems for^which they were asked to write 
an arithmetic sentence before they solved the problein. 

This study usei individual interviews in order to be able 
to describe the process that children used to solve each of the 



probiems. « Interviews were conducted in a smi^Toom removed from 
the. classroom, Each problem was read t6 th^ su|5ject$^by pne of 
three exp^rliuenters. Problems were, reread as often as n^c^sary 

so that, remembering the giveh numhera or relat^Tcmships'^ was not a 

■ ' ^ , • . • ' \" ■ . " ^ ^ ■' ^ 

— ' ' ^ ■ • ^ . ' ■ ' > . """S.-- ■ . 
factor, A set of red and white Uni^f^x culjes was inad6 avaiXai^I^ 

• * ■ ' » » • ' ' * ' ' * . \ 

to the subjects. Subjects weice encouraged to solve t*he problem 

without the cubes* Sut were told to use the cubes to help them 

- . ■ * , ' ' 

solve the problem if they needed thetn or. werey not sure oi>the|.r 

answer, > If subjects were having difficulty solving -a problem 

without cubes they were reminded that they could use cubes to 

find the answer^ ^ . 

Essentially the sami procedures were used for the problems 
for which^subjects wrote arithmetic sentences. But for these 
problems subjects were also given a pencil an4 paper and in- 
structed *to write number sentenc^ before they solved the 
problem. ' . ' ' 

If subjects used cubes or fingqrs, their method of solu-' 
tion was often evident. In thi^ case the experimenter coded the 
response and went on to the npxt problem. If the subject did 
not physically model the problem or it was not completely clear 
how a subject had ariiived at a given answer, the subject was 
asked to describe, iiow the answer was found. The experimenter 



16 



'continued"^ues cloning until It was clear what strategy suj)- 

Ject had us^d or it was clear/that- no ^^^planatlon was fortl^- 

coming. In, the February :^t'eryiew, /problems were presented in^ 
- \ . ■ * * ./ '■'<.; • * ~ 

.'oi>e aeSsio^t that iaste4^^X0 to 15 'minutes. In the May 'irtterview, 

-'the sdntence writi.n|^problems were adlnj.rtistered several days 
after, the other ]^ obi ems. , 

m i 

■ ■ ■ • ; / 
' . ■ ' ' /' ' /* 

i;wo basic; types, *of addition problems ^r)/d\yfouf* types of sub- 

« \ / ■ ' ■ /••)', 

tractiok problems were included in. the study^' Qne 'subtraction 

^ ' ' ■ ' ' ' .''/>' ' ' ' 

orobL^ wVs selected from each of the fouif basic classels of 
/ .. ^ . _ ^ ■ 

problems that had been identified. Sine? the initial investiga- 
tipn had found no differences in the •processes that children 
use 'to solve Joining and Part-Part-Whole addition problems only 
the Part-Part-Whole problem was included. Since Equafc-zing. 
addition problems are somewhat awkward*' they were also not 
• used. Tlie six verbal p«:oblems administered in the February and 
May interviews are presented in Table,!. ' » * 



_ 

Insert Table 1 about here 



To avoid any, danger of contamination, a set of six identical 
problems were written for the sent'ende writing interview. The 
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Ijroblems were identical except f?r a%light change in wording. 

■ ' ■ ■ . / . ■ ' ■ ■. _ 

For example, the Par t-Pa^--W|iole^ .{addition problem 'became: 

* • - . ' ' ' ■ , 

Some qhildreti were,playing baseball, a were girls ^ . 

and-b were bpys. How many children* were playing ■ ^ 

baseball (altogether?,," ' ' ■ . 

The numb«r triples for the problenis, were selected to con- 

form to the following specifications: . (a) Each of the addends 

t . * 

was greater than 2 and l^s than 10, (b) their sum was greater 

thaji 11 and less than 15, and (c) the absolute value of tfie ' 

* «» # ■ ' « 

difference between the two addends was greater t;han 1. The^e 
rules generated the following set of six triples: ( 3,9, 12 ) , 
( 4,9,13 ) , ( 5,7,12 ), (5,8/13 ), ( 5,9.14 ), ( 6,8,14 ). This niimber 
* domain was selected because the numbers were small enough so 
tha't^ the problems could be reasonably modeled using concrete 
objects but were large enough so that it was unlikely that 
many children would have already learned the addition or .subtrac-- 
tion combinations. It was also more likely^ that : the children* s 
strategies wou-ld be' observable with numbers of .this size than 
with smaller numbe^rs. Doubles and near doubles were eliminated 
because it was • hypothesized that children iflay operate differently 
with those combinations (cf. Groen & ||^rkinan, 19.72). 
^ "The number triples were equally distributed over the set of 
problems' so that each^lbmber triple was paired with each probl.em 
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■y * * > ■ 

eifher four or five times. -Each subject received each number 

triple exact J.y once vJithin the set of problems,^ but different 

!s^Lbjectsi, received different combinations for a glvpn. problem. 



Far- the addition, proble^, the smaller of. the two addend^ was 
alway? presented first", for the subtraction ptoblems, the larger 
of the two addends was always ^elected for the unknown. The 
order of £h^ problems* was randprnl^zq^ pr each subject- 

Subjects . ^ 

The^ subjects for' t^e study consisted of the 43 children 
in the tVo first-grade classes of a parochial school that draws 
students from 'a predominantly middle class area of Madison, 
Wisconsin. Mathematics instruction in both classes had consisted 
of topics 15- to 22 of the Developing^Mathematical Processes {DMP) 

* 

program (Romberg, Harvey, Moser, & Montgomery, 1974). At the 
time of testing in early February ♦ only two arithmetic topics 
had been covered, Writing Numbers and tomparison Sentences. 
The. other six topics deal with mQ^^rement and geometry. The 
topic /of Comparison Sentences introt^iices the notion of a « 
matheinatical seutence,^ though It only- deals with -representing 
a static relation (equality) b^etween two number^. Thus, at the 
time the children were tested in February,' no formal instruction 
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in symbolic representation of addition and subtrac^tio^ had t?een 
given. On the .other hand* several lessons whiph included 

problem situ^ions involving, joining, separating, part-part- . 

* •« ■ ' . 

*-whole, . and ^comparii&on had Been presented. In tho^e instance's/ 
modeling with objjects to determine the solutions had ^been ^ ' ' ' 
suggested, '/^ ^ 

•••/ ■ ■ . . ,■ 

By the time of the May interview, two insttuctional units 
on addition and subtraction were presented • The, units required 
appro^iipately twd tnonths of instruction and focused on the 
following objectives: .writing number sentencesvof the form 
a + b= Q ora-b^Qto repre$ent concretis and verbal problem 
situations and solving number sentences of the form a + B'^ Q 
and a - b - Tl for sums between 0 and 10, The problem situations 
were of the joining, separating, comparison, and par t-part-- whole 
types. Several key features highlight these unitg. First, the 
children a^e strongly encouraged to use mc^eling behaviors by 
representing numbtirs with sets of physical objects- Second, 

-vHTtiytis forms of countiftg are suggested. Finally, analysis of 
verbal problenis is taught using a device that has the part-part- 

^whplc relationship cj^its basis. This device tends to highlight 
the Inverse relationship of addition and subtraction. 



' \ • ^ Results ^ . . 

• » • * ' ' ' « • *. * ■ . . ' • ■ 

Change * ' * ^ ^ ' ^ # ^ 

The ctuihg^ in .performance froia the Febiruary intprvie^w *to ^he 
May, interview summarizecNla- Table 2. The table" oti^y* includes 
• problems givei;i in both ^Assessments and doe*s not; include tn^ 



Insert Table 2 about here 



problems that required children, to write arithmetic sentences. A 

response* was coded as indicatii;ig a correct strat^^if the method 

- ■ * ^ 
would have generated the coi'rsct answer provided thai: it Was 

applied without error. In o^ther i/brds miscounting or forg^etting . 

one^of the numbers in the problem did not Invalidate a correct 

• « . r # ■ . 

Strategy. , ^ / ■' 

■ ■ * f 

/ ^ Performance on t1?^ Part-Par*t-Whole probleni i« February left 

little room for improvement, but the five subjects- who could not 

figure out an apprbpriate strategy at the tiiue of. the* first 

interview were able to do so after several months of instruction * 

in addition and slibtraction. Children' continued to have dif fi- 

* ■ * ' '■ 

culty with the Comparison problem but there were substantial gains 

^ • *. ' 

from the first interview. ^ 
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There is an Interesting shift in errors "for the Comparison 
problem. Whereas -pt the tim^of the first interview ma»p o£-^h6 
errors resulted from. children immediately responding one pf the 
numbers* given in the problem, ,^in the second * intfetvi^w^rrdrs • , 
'were almost evenly di-vfded between responding one , of the given 
numbers and choosing the wrong .operation • Operation errors in- 
volved tBe application of some strategy that would be appfopriaie 
for a subtraction, problem, ' ^ . • 

Although earlier studies had suggested that children in- 
creasingly use, Counting On strategies rather than Counting All 
(Groen & Parkman, 1972), there were no apparent changes iti' the 
strategies that children use to solve addition problems. CoiAting 
All w,4s the prjlmary strategy at both interviews. It should be 
note*d tl^t instruction only covered addition" facts through 10, so 
the chil^ten h^d no experience with the number ^mbinations used 
In this study and, it is not surprising that few of thpm knew the 
arithmetic facts at the time of the May interview. , 

' The change data for the subtraction problems are summarized 
• « 

V 

in Table 3. Since there was no significant pattern of change in 



Insert Table 3 about here 
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errors, this was not included in ord^r to simplify the table. 

For the four ^ subtraction piioblems the wrong operation was never 

usel in jche first interview and was used only three times in the 

\ / ' * ' - ' ' 

sacondY The corresponding figures for responding one of the given 



I 



, number* are 10 and 12 respectively • • , ' 

TRere Was relatively little margin . for '^improvement in the 
number ""of correc^t strategies, consequently there was relatively 
little change in performanceT. The Part-Part-^Whole problem had 
♦an unusually high incidence^, of counting errors during the first 
interview and 13 additional subjects found a correct answer in 

■ .G 

the second interview. It does not appe|ij;, however, that there 
was an overall improvement' in the accuracy with which children 
applied counting skills^ This was the ^nly probleit) which showed 
such an increase and it probably results from the uncharacteris- 
tlcally high number of counting erifors for this pd^ticular problem 
during the first interview. 

Although most children could identify an appropriate str^egy 
to solve each problem 4t both interviews, there was a significant 
shift in the strategies they selected* At the time of the first 
interview fftost strategies were based on the structure of the 
problem and consequently varied from problem to problem. During 
the second interview most children consistently used a separating 
strategy for all four subtraction problems. ' * 
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» Sentence Writing , . ^ 

• * . 

^ Sentence writing responses are sqmnarized in Table ^. Re— 

sponses were coded as correct if they were valid open number 



f , Insert Table' 4 about here 

sentences or phrases that cotild be used to solve the problem or 

if they were tru*e sentences involving the number triple in the * 

problem. Examples of correct and incorrect responses are given 

■ ' / 

in Table 5. . • . • ' 



r 



, Insert Table 5 about here 

f 5 — , ■ . — t . — . — . — 

In spite of t^e fact that- children were, consistently given 

■ . ^ ) 

directions to write the sentence before they solved the problem^ 
about a fourth of the children g.^nerally solved the problem before 
they wrote the sentence. In many ca-^es it appeared that they 
were unable to write the sentence before they knew the complete , 
number triple. This accounts for the response 5 7 ^ 12 for 
the subtraction problem in Table 5, « 



The Part-'Part-Whole addition problem and the Separating 



problem were most c leajJx associated with appropriate sentences. 
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There were only four incorrect sentences for either problem, 
all involving the incorrect operation. The Comparison subtrac- 
tion problem and' the Equalizing problem were the most difficult. 
In fact, ,8 of . the IS^correct responses to .tlie^^ualizing problem 
were addition sentences (5 + 7 '*= 12) written after ^the problem* ' 
was solved. Three children resppnded in this way to the Coxnpari- 
spn problem. Over half the children wrote invalid sentences for ^ 
the Comparison and Equalizing problems. The most common in- 
correct response was writing an addition sentence involving the 
two numbers given in the problem^ This accounted for 17 of the 
Comparison responses and 24 of the Equalizing responses. It is 
not surprising that the Equalising problem would have a higher 
relative number of errors involving addition sentences than the 
Comparison problems because the implied action in the Equalizing 

problem is a joining action. . . 

* • ■ < 

A number. of children made the error of reversing the 
numbers in their subtractidn sentence (5 - 12 = )* In both 

I 

problems the smaller number is give^ first. A child may recognize 

that sub trap tib« is" required; but if they wrlii^^\the ^sentence with 

the numbers in the order in which they are given in the problem, 

* 

the sentence' is not correct. For- the Separating problem this . 
difficulty does not occur because the larger number is given 

- # 
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first. Seven children wrote incorrect suhtractiop sentences for 

s • ■ • ■ ■ . • ■ . ■ 

^ the Compatison problem and three did so on the Equalizing problem. 

* * '. 

There were no responses of this kind for the Separating probleto, 
Children's relative success In writing a sentence for the . 
Cbmparison addition problem probably reflects a tendency to write 
addition sentences when in doubt rather than a recognition tSiat . 
the problem is , represented by an addition sentence* Thirty 
children wrote appropriate sentences for the Comparison additjlon 
problem while''ohixx2T) used a strategy to solve the problem' that ,^ 
would generate a- correct solution. On the o the i;* hand only a third 
of the -children wrote valid sentences for the Comparison subtraction 
or Equalizing prc5blems while over three-fourths generated appro- ^- 
priate solutions* Although about half of the children wrote in-*x 
correct addition sentences for these two problems, only five 
children used a procedure that represented addition to solve them. 

These results indicate that children's solutions were not 
seriously influenced by the sentence that they wro^te to represent 
the problem. Further evidence for^ this conclusion is presented * 
in Tables 6 and 7 in which performance on problems on which ^ 
children did not write sentences is compared to performance on 

—I ^ — 

Insert Tables 6 and 7 about here 
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probleias that required children to write arithitietic sentences be- 
fore they solved the problem. There is pra^:tically nd difference . 
between -responses in any category. The only possible trend that, 
can be observed is^ that there wer^ fewer inst<ances of children 
•using a matching strategy for' the Coinparison and Equalizing ^.H ^ 
problems. The numbers are so small that one should be cautious^ 
in attaching a great deal of significant to this result.. How- 
ever, the trend is consistent wlthcHildren's shift from direct 
modeling of problem structure as a result of instruction on 
sentence writing* , . . . 

Conclusions 

m 

Prior to instruction the general strategy that most children 
use to solve addition and subtraction problems is to directly 
model the action or relationships described in the problem. They 
have a number of different strategies for solving subtraction 
problems which represent distinct' interpretations of subtract-ion. 
A completely cieveloped concept of subtraction involves an inte- 
gration of all these interpretations. It appears, however, 
that most children at this stage do not recognize that the 
different strategies are equivalent. ThAr seem to^tei^fljrd. them 




J 



as distinct strategies that are used to solve different types of 
problems. The evidence for this conclusion is the unifpnnly 
close match of solution strategy 'to the structure of the problem. 

" . Following initial instruction th^re is/a distinct shift in 
the general approach children use to solve addition and subtrac- 
tion problems. Rather than using a variety of strategies to 
solve diffe^^ent ^^^a^^^efaction probletfts,^ siost children begin t^use 
a single strategy to solve all sub tractiqn problems. It is not 
clear whether they clearly recognize the equivalence of the 
different strategies they were using earlier or whether their 
eclectic approach has been replaced by a single unif^^ed interpre- 
tation of subtraction. - , 

Some caution should be exercised in interpreting tli^e find- 
ings% This study did not include a Joining-missing addend prqblem, 
for which the Adding On strategy is extremely pronounced. A 

m 

study that is currently in progress suggests that at this stage 
of instruction most children would probably continue to use an 
.Adding On strategy to solve' the problems* In*other Avords, the 
shift to a single strategy probably is not complete at this 
point. The study currently in progress also suggests that the 
shift to a single dominant strategy occurs somewhat later than ^ 
is indicated by the study reported in this paper. 
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A change that might be predicted that did not occur is a 
shift to more' abstract strategies./ Fbr example, following in- 
strucAon one might expect children to use the more efficient 
Counting On strategies rather than Counting All or to move from 
a Separating strategy to a Counting Down strategy. This, study 
found a much lower incidence of* Counting On strategies than 
were reported by Groen and Parkman (1972) • One reason that this 
may not have occurred is that the presence^f cubes tend to en- 
courage the more complete representations. -The study currently 
in progress indicates that when cubes are not available there is 
an increase in the use" jc^f more abstract strategies. 

Instruction in addition appears to' have caused some shift 

■ . ■ % 

in the Strategies that children use to solve addition and sub- 
traction problems. Most children also learned to write addition 
and subtraction sentences to represent certain addition and sub- 
traction problems. At this stage, however, very few children 
recognized that the arithmetic sentence was a mechanism that 
they might use to help them solvk^he problem. Once they had 
written a sentence most children appeared to ignore it and used 
the verbal problem to decide on a solution strategy. In fact, In 
spite of instructions to the contrary, about a fourth of the 
subjects would solve a problem before writing a sentence. In 

■ ' ■ / 
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cases where children wrote an incorrect sentence but computed the 

correct answer, they^ would often complete the open sentence with 

their answer. Although there was occasiprial hesitatipn when they 

did thlPf none of them were able to resolve this conflict. The 

fact that ^he specific act of sentence writing did not influence 

children's solutions further supp6rts the conclusion that children 

have not yet coordinated their problem solutions with the senten.ces 

they .write' to represent tKe' problem. 

These results. indicate that following several months of in- 

structidn children have begun to Shift from a concrete ^direct 

modeling approach tS solving word problems to a mtoVe u^plf ied con- 

caption that incorporates symbolic representations of addition 

and subtraction problems. At this point, however, they are still 

in a transitional stage and have a long way to ^o ' to a completely 
* * * 

'developed concept of addition and subtraction. 

f a 



1 

29 



* ■■ ■ ^ 



References ? 

\ - ■ ■ ■ 

Carpenter, T. P., Hiebert, J.W.^* Moser,' J. M. First-grade 

children's initial solution processes for simple addition 

♦ 

and subtracticyn problems, journal f dr Research in Mathe - 

* ■ ■ ' ■ . 

ma tics Education , in ^ress. , 

^bb> E. G. Children's thinking in the process of subtraction. 
Journal of Experimental Education , 1956, 25» 71-80. . 

Groen, G. J. &' Parkman, J. M. A chronometric analysis of simple 
addition. Psychological Review , 1972, 79, 329-343. ' 

Groen, G. J. St Resnick, L. B. Can preschool children invent 
addition algorithms? Journal of Educational Psychology , 
1977, 69, 645-652. 

Grouws, D. A. Differential perfortnance of third-grade children 
in solving open sentences of four types (Doctoral disserta- 
tion. University of Wisconsin, 1971). Dissertation 
Abstracts- International , 197'2';\32, 3860A. (University 
Microfilms No. 72-1028) 

ferraan, M. Problem length as a structural variable in verbal 
arithmetic problems. Educational Studies in Mathematics , 
1971^ 5, 109-123. 



ERIC 



30 



Rosenthal, D. J. A, & Resnick, L. B. Children's solution processes 

in arithmetic word problems. Journal of Educational Psychology ,'' 
1974, 66, 817-825. 

Suppes, P. & Groen, G. Some counting models for first grade p*er- 
formance data on simple facts. In M. Scandura (Ed.)» 
Research in Mathematics Education > Washington, D.C.: / 
National Council of Teachets of Mathematics, 1967. 

Suppes, P,, Loftus, £• F., & Jerman, M. Problem solving on a 

computer-based teletype. Educational Studies in Mathematics , 
1969, 2, 1-15. 

Vergnaud, G. & Durand, C. Structures additives et complexity ^ 
psychog^n^tique. La Revue Francajse de Pedagogic , 1976, 36, 
28-43. 

■a ■ 

Woods, S. S., Resnick, L. B., & Groen, G. J. An experimental test 

of five process models for subtraction. Journal of Educational 
Psychology , 1975, 17-21. 
Zweng, M, The problem of solving story problems. Arithmetic 
Teacher , 1979» 27* 2-3. 



3 1. 



\ 



Reference Kotes 



I^indvall, C. & Ibarra, C. G. An analysis o ^ f incorrect 
procedures used by primary grade pupils in solving open addi- 
tion and subtractiou sentences * Paper presented^ at the Annual 
Meeting of the American Educational Research A^ociation, 
Toronto, March 19^ • (ERIC Document Reproduction Service 
No, ED 155 049) ' . ' 

Moser, J, M, Young children's representation of addition and 
subtraction problems (Theoretical P^per No. 74). Madison; 
Wisconsin Research and Development Center for Individualized 
Schooling, 1979. 

Greene, J. G. Some examples of cognitive task analysis with 
implications . Paper presented at the ONR/NPRDC Conference, 
San Diego, Calif., March 1978. 



32 



Table 1 

$ Verbal Problems 



Addition 

. . ,* 

Part-Part--Whole V 

Some children were icer-skating. a^ were girls and were 

* ■ ' . 

boys. How many children were skating together? 
Comparison 

kalph has £ pieces of gum. Jeff has more pieces than 
R^^lph* How many pieces of gum does Jeff have? 

Subtraction • 
Separating 

Leroy had a pieces of candy. He gave b pieces to Jenny. 

* 

How m^ny pieces of candy did he haVe left? 

Part-Part'-Whole 

There are £ children on the playground, a are boys and the 
rest are girls* How many girls are at the playground? 

Coraparisoti ^ 

Mark won a prizes at the fair. His sister Connie won £ 
prizes. How many more prizes did Connie win than Mark? • 
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Table 1 (continued) 




Equalizing (-f) • 

Joan picl?ed a flowers* Bill picked £ flowers. What could 
Joan do so she could have as many flowers as Bill? 
(Suggest, if necessary, that she pick some more.) How 
many more, would she need to pick?" 
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Table 2 

Change in Addition Responses 



* 








Strategy 


Errors 


Problem 


Inter- 
view 


Stratej 


»y Answer 


Count 

all 


Count 
from 
■first 


Count 

from 

larger 


♦ 

Hieuristic 
or fact 


Given 
number 


Wrong 
opera- 
tion 


No re- 
sponse or 
other 
error 


Part- 


1 


38 


37 


22 


3 


9 


3 


.. ■1 • •; ■ 


1 


3 


Part- 






















. Whole 


2 


43 


39 


23 


A 




5 


0 


0 , 


0 




1 


f 

12 


10 


7 


. 1 


1 


2 


23 


3 


5 : 


Comparison 
























2 


20 


19 . 


16 


1 


■ 1 


1 


■ 12 


.9 


2 



*Total N « 43 subjects • 
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r Table 3 . 

Change in Subtraction Responses 



. f 


Total Correct* 


Strategy 












Count 




Count 




Heuristic 


Problem 


Interview 


Strategy 


Answer 


Separate 


down 


Add on 


up 


Match 


or fact 












9 


0 


0 


4 


5. 
























2 


40 


32 


29 


6 


0 


0 


0 




• 


1 


33* 


20.. 


9 


3 


10 


3 


4 




Part-Part-Whole 






















2 


38 


33 


25 


0 


3 


0 


1 


6 




1 


35. 


29 


8 


0 


' 2 ' 


3 


» 17 


. 4 


Comparison 






















2 


35 


31 


22 


2 


0 


2 


7 


2 ' 




1 


39 


30 


9 


0 


5 


1 






Equalizing 






















2 


37 


34 


^9 


2 


■ 5 


2 


7 


3 























1 



*Total N = 43subjects. 

t 
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Table 4 



Supaary of Sentence Writing/'^' 



I ■ V 





Number 

• 




Number who 




of 




wrote the sentence * 




correct 




after solving the 


Problem 


sentences* 




problem 

— _«i 


Addition 








• 

Part-Part-Whole 


39 






Comparison 


30 




8 


Subtraction 








. Separating 


39 


A ■ 


2 >' 


Part-Part-Whole 


32 




9 

\ 



Comparison 
Equalizing 



19 
15 



*Total^N = 43 subjects- 



37 



12 

15 



/ 
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Table 5 

Examples of Open Sent^tnce Responses 



Problem: There are 12 children on the playground. Five are 
boys and the rest are girls. Bow niany girls are at 
the playground? ' 

Correct responses 

12 - 5 ^ ' " ' •• 



* .12-5 

; . 5 + = 12 

12 - 5 7 
5 + 7 = 12 
Incorrect responses 
5 - 12 = ' 

12 + 5 = 

12 5 



Table 6 . ' 

ConipaJrison of Addition Problems With and Without Number Sentences 



Problem 



Part- 
Part- 
Whole 



iJrite 
sentence 



Comparison 



No 



Yes 



No 



Yes 



TotaJ. Cotfect* 



Strategy 



Strategy Answer 



43 



42 



39 



38 



20 



21 



19 



20 . 



Count Count 
Count from ^ from 
all first larger 



Heuristic 
or fact 



23 



23 



8 



16 



12 



*Total N = 43 subjects. 



Wrong 



'No re- . ' 
Wrong , sponse. or 
Given opera- other 
number tion etrof, 



0 



12 



8 



0 1- 



8 



3') 




Table 7 



Comparison of Subtraction Problems With and Without Number Sentences 







Total Correct* 






Strategy 




— <— rr. 




irite 


Strategy 


Answer 


* t " - 

SeDaratie 

w k-* A- » V- 


Coi^nt 
down 


Add on 


Count 
up 


Match 


Heuristic 
pr fact 




. No . 


AO 


32 


26 ^ 


6 


0 




0 




S#aratfe 


Yes 


41 . 


36 


28 


7. 


0 




' 0 : . 


* 4 ■ 


^ 


No 


38 


33 


25 


*0 


3 


0 


1 • 


6 


Par t-Par t-Who le 


Yes J 


38 


31 


26 


'4 


■ ■■' .4 


4 


• 0 


2 




No 


35 


31 


22 


2 


•o\ 






2 


Comparison 


Yes 


* 

,3,5 


27 


*21 


2 


2 


■ 4 


3 




No 


1 — ^ 

37 


34 


i.9 . 


2 


5 


2 


7 


3 


Equalizing 


Yes 


34 • 


28 


20 


1 


4 ■ 


4 


3 


3 ■ 



*Total N = 43 subject^. ^ 
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